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Vwudwhjlf Lqyhvwphqw lq Whfkqrorjlfdo Lqqrydwlrqv ￿
Nxqr M1 P1 Kxlvpdq dqg Shwhu P1 Nruw WW
Ghsduwphqw ri Hfrqrphwulfv dqg FhqwHU/
Wloexuj Xqlyhuvlw|/ S1R1 Er{ <3486/ 8333 OH WLOEXUJ/ Wkh Qhwkhuodqgv
Wkh dlp ri wklv sdshu lv wr ghwhuplqh wkh rswlpdo wlplqj ri whfkqrorj| lqyhvwphqw ri d
vlqjoh up lq d gxrsro| iudphzrun1 Dv wlph sdvvhv glhuhqw whfkqrorjlhv duh lqyhqwhg zklfk
d i w h uv r p hw l p he h f r p hd y d l o d e o hi r uw k h u pw rd g r s w 1W k ht x h v w l r qk h u hl vq r wr q o |z k h q
d up vkrxog lqyhvw exw dovr zklfk whfkqrorj| vkrxog eh dgrswhg1 Iru glhuhqw vfhqdulrv
wkh rswlpdo whfkqrorj| lqyhvwphqw ghflvlrq lv ghwhuplqhg1 Rxwfrphv udqjh iurp suhhpswlrq
htxloleuld wr htxloleuld zlwk vhfrqg pryhu dgydqwdjhv1
Nh|zrugv= Whfkqrorj| lqyhvwphqw/ Vwudwhjlf wlplqj/ Suhhpswlrq/ Vhfrqg pryhu dgydqwdjh
￿ Iru khosixo frpphqwv zh olnh wr wkdqn vhplqdu sduwlflsdqwv dw wkh Lqvwlwxwh iru Hfrqrphwulfv/ RU dqg
V|vwhpv Wkhru| ri wkh Ylhqqd Xqlyhuvlw| ri Whfkqrorj|/ dqg wkh Pdqdjhphqw Vflhqfh Jurxs ri FhqwHU
dw Wloexuj Xqlyhuvlw|1
￿￿ Fruuhvsrqglqj dxwkru1 Who= .6404607995395> id{= .64046079965;3> h0pdlo= nruwCnxe1qo41 Lqwurgxfwlrq
Rqh ri wkh pdlq hohphqwv wkdw ghwhuplqh hfrqrplf jurzwk qrzdgd|v lv wkh glxvlrq ri
qhz whfkqrorjlhv wr upv1 Uhvhdufk dqg ghyhorsphqw dorqh lv qrw |hw vx!flhqw iru whfkqlfdo
surjuhvv vlqfh whfkqrorjlfdo lqqrydwlrqv |lhog qr ehqhwv xqwlo wkh| duh hpsor|hg1 Lq rughu wr
ghvljq srolf| lqvwuxphqwv wkdw hqkdqfh up lqyhvwphqwv lq qhz whfkqrorjlhv/ lw lv lpsruwdqw
wr lqyhvwljdwh lq zkdw flufxpvwdqfhv upv duh zloolqj wr dgrsw qhz whfkqrorjlhv/ dqg wr
lghqwli| wkh uhdvrqv wkdw pdnh wkh up uhiudlq iurp dgrswlrq1 Dw wkh up ohyho lw fdq
eh dujxhg wkdw rqh ri wkh prvw fuxfldo ghflvlrqv lv wkdw ri lqyhvwlqj lq qhz ru lpsuryhg
htxlsphqw dqg idflolwlhv1 Wkhvh ghflvlrqv duh qrw rqo| lpsruwdqw ehfdxvh ri wkh odujh lqlwldo
fdslwdo frvwv lqyroyhg/ exw dovr ehfdxvh ri lwv lpsdfw rq wkh up*v shuirupdqfh iru pdq| |hduv
lqwr wkh ixwxuh1 Uhdvrqv iru uhwurvshfwlrq rq wkh ghflvlrq zrxog dulvh li qhzhu whfkqrorjlhv
dsshdu vrrq diwhu wkh sxufkdvh/ ru li wkh qhhg iru fdsdelolw| ru dgdswdelolw| wr fkdqjhv zhuh
qrw iruhvhhq hduolhu zkhq wkh ghflvlrq zdv pdgh/ ru wkh| zhuh qrw lqfrusrudwhg lq wkh prgho
dw wkdw wlph +Qdlu +4<<8,,1 Wkh dlp ri wklv sdshu lv wr ghwhuplqh wkh rswlpdo whfkqrorj|
lqyhvwphqw ghflvlrq ri dq lqglylgxdo up/ zkloh wdnlqj lqwr dffrxqw wkh srvvleoh rffxuuhqfh
ri ehwwhu whfkqrorjlhv lq wkh ixwxuh dqg frpshwlwlrq ri rwkhu upv1 Wkh uvw sdshu wkdw ghdov
zlwk wkh lvvxh ri whfkqrorj| lqyhvwphqw wrjhwkhu zlwk frpshwlwlrq rq wkh rxwsxw pdunhw lv
Uhlqjdqxp +4<;4,1 Vkh frqvlghuv d gxrsro| zlwk wzr lghqwlfdo upv/ zklfk erwk kdyh wkh
srvvlelolw| wr lqyhvw lq d qhz whfkqrorj| iurp zklfk wkh sulfh idoov ryhu wlph1 Ghvslwh wkh
idfw wkdw wkh upv duh lghqwlfdo/ rqh ri wkhp lv jlyhq wkh ohdghu uroh ehiruhkdqg1 Wklv lpsolhv
wkdw rqo| wklv up lv doorzhg wr lqyhvw uvw1 Wkh rwkhu up lv wkh iroorzhu zklfk kdv wkh
5fkrlfh wr lqyhvw dw wkh vdph wlph dv wkh ohdghu ru wr lqyhvw odwhu1 Dv vkrzq lq Ixghqehuj
dqg Wluroh +4<;8, iru wklv iudphzrun wzr vfhqdulrv fdq eh lghqwlhg1 Lq rqh vfhqdulr wkh
rswlpdo rxwfrph lv mrlqw dgrswlrq/ l1h1 erwk upv lqyhvw dw wkh vdph wlph/ zkloh lq wkh rwkhu
vfhqdulr wkh iroorzhu lqyhvwv odwhu ghvslwh ri wkh idfw wkdw wkh ohdghu wkhq rewdlqv wkh odujhvw
sd|r1 Ixghqehuj dqg Wluroh +4<;8, dovr frqvlghu wkh pruh uhdolvwlf fdvh ri hqgrjhqrxv up
urohv phdqlqj wkdw ehiruhkdqg lw lv qrw nqrzq zklfk up zloo eh wkh ohdghu1 Lq wkh fdvh
ri glvshuvhg dgrswlrq wlplqjv wkh ohdghu hduqv wkh kljkhvw sd|r vr wkdw erwk upv zdqw
wr eh wkh ohdghu1 Wklv jlyhv dq lqfhqwlyh wr wu| wr lqyhvw hduolhu wkdq lwv frpshwlwru/ l1h1
erwk upv zloo wu| wr suhhpsw hdfk rwkhu1 Ixghqehuj dqg Wluroh vkrz wkdw wklv ohdgv wr
d suhhpswlrq htxloleulxp zlwk glvshuvhg dgrswlrq wlphv dqg uhqw htxdol}dwlrq1 Vwhqedfnd
dqg Wrpedn +4<<7, h{whqg wklv uhvhdufk e| lqwurgxflqj xqfhuwdlqw| frqfhuqlqj wkh ohqjwk
ri wkh shulrg ehwzhhq wkh srlqw ri wlph wkdw wkh whfkqrorj| lv dgrswhg dqg wkh wlph wkdw
lw lv vxffhvvixoo| lpsohphqwhg1 Rqh ri wkh vkruwfrplqjv ri wkh frqwulexwlrqv phqwlrqhg
lq wkh suhylrxv sdudjudsk lv wkdw rqo| rqh qhz whfkqrorj| lv frqvlghuhg/ zkloh lq uhdolw|
rqh kdv wr ghdo zlwk wkh rffxuuhqfh ri frqvhfxwlyh qhz whfkqrorjlhv1 Wklv frpsolfdwhv wkh
whfkqrorj| lqyhvwphqw ghflvlrq frqvlghudeo|/ vlqfh hyhu| wlph wkh up frqvlghuv wr lqyhvw
lq d qhz whfkqrorj| lw kdv wr wdnh lqwr dffrxqw wkdw wkhuh lv d uhdo suredelolw| wkdw dw d
odwhu srlqw ri wlph d pruh h!flhqw whfkqrorj| zloo eh lqyhqwhg41 Wkh dlp ri wklv sdshu lv wr
4 Hvshfldoo| lqirupdwlrq whfkqrorj| fdslwdo kdv d yhu| kljk sdfh ri whfkqrorjlfdo lpsuryhphqw1 Frpsduhg
zlwk pruh wudglwlrqdo w|shv ri fdslwdo/ wkh h!flhqf| ri lqirupdwlrq whfkqrorj| fdslwdo kdv lqfuhdvhg pxfk
idvwhu ryhu wkh odvw ihz ghfdghv1 Dv dq h{dpsoh/ frqvlghu wkh pdunhw iru shuvrqdo frpsxwhuv1 LEP
lqwurgxfhg lwv Shqwlxp SFv lq wkh hduo| 4<<3v dw wkh vdph sulfh dw zklfk lw lqwurgxfhg lwv 5;9 SFv lq wkh
6surylgh d uvw vwhs lq dqdo|}lqj wklv sureohp ri zkhq d up vkrxog dgrsw d qhz whfkqrorj|
nqrzlqj wkdw d ehwwhu whfkqrorj| zloo ehfrph dydlodeoh odwhu/ zkloh lw kdv wr jkw iru d
pdunhw vkduh zlwk dq lghqwlfdo up rq wkh rxwsxw pdunhw1 Wzr whfkqrorjlhv duh frqvlghuhg=
d fxuuhqw rqh zklfk fdq eh dgrswhg qrz/ dqg d qhz rqh zklfk lv pruh h!flhqw dqg hqwhuv
wkh lqsxw pdunhw dw d nqrzq ixwxuh gdwh1 Ohduqlqj lv lqfrusrudwhg lq wkh vhqvh wkdw lw lv ohvv
frvwo| wr dgrsw dqg vxffhvvixoo| lpsohphqw wkh qhz whfkqrorj| li lw kdv dgrswhg wkh fxuuhqw
whfkqrorj| ehiruh1 Dv vxfk wklv iudphzrun lv wdnhq iurp Juhqdglhu dqg Zhlvv +4<<:,/ exw lq
wkdw sdshu wkh ixwxuh gdwh dw zklfk wkh qhz whfkqrorj| ehfrphv dydlodeoh lv xqfhuwdlq dqg
rqo| rqh up lv frqvlghuhg1 Vr/ frpsduhg wr Juhqdglhu dqg Zhlvv +4<<:, zh h{fkdqjh wkh
xqfhuwdlqw| iru frpshwlwlrq rq wkh rxwsxw pdunhw1 Lq wklv zd| zh duh deoh wr lghqwli| wkh
vwudwhjlf dvshfwv ri wklv sureohp1 Wzr vfhqdulrv duh zrunhg rxw lq ghwdlo= rqh zkhuh wkh qhz
whfkqrorj| lv fkhds/ dqg rqh zkhuh lw lv vr h{shqvlyh wkdw lw lv qrw rswlpdo iru erwk upv
wr surgxfh zlwk wkh qhz whfkqrorj|1 Lq wkh odwwhu fdvh zh vkrz wkdw lq d sduwlfxodu wlph
lqwhuydo lw lv rswlpdo iru rqh up wr lqyhvw uljkw dzd| lq wkh fxuuhqw whfkqrorj| zkloh wkh
rwkhu up zdlwv zlwk lqyhvwphqw lq rughu wr dgrsw wkh qhz whfkqrorj| dv vrrq dv lw ehfrphv
dydlodeoh1 Zklfk up zloo gr ehwwhu ghshqgv rq wkh frpsdulvrq ehwzhhq wkh whpsrudu|
prqrsro| surwv jdlqhg e| wkh uvw lqyhvwru ehiruh wkh qhz whfkqrorj| duulyhv/ yhuvxv wkh
kljkhu uhyhqxh wkh rwkhu up rewdlqv diwhu wkh duulydo gdwh ri wkh qhz whfkqrorj| gxh wr
wkh idfw wkdw lw surgxfhv zlwk d pruh h!flhqw whfkqrorj|1 Lq fdvh wkh prqrsro| surwv
duh rxwzhljkhg e| wkh kljkhu uhyhqxh dvvrfldwhg zlwk wkh qhz whfkqrorj|/ vhfrqg pryhu
4<;3v1 Wkhuhiruh lw wrrn ohvv wkdq d ghfdgh iru wkh frpsxwlqj whfkqrorj| wr lpsuryh rq wkh rughu ri 53
wlphv lq whupv ri erwk vshhg dqg phpru| fdsdflwlhv/ zlwkrxw lqfuhdvlqj wkh frvw +\ruxnrjox +4<<;,,1
7dgydqwdjhv dulvh1 Wr rxu nqrzohgjh/ wkh zd| vhfrqg pryhu dgydqwdjhv duh fdxvhg khuh kdv
qrw rffxuuhg lq wkh olwhudwxuh |hw51 Wkhvh vhfrqg pryhu dgydqwdjhv pd| ohdg wr d ehwwhu
xqghuvwdqglqj ri wkh idfw wkdw iurp hpslulfdo vwxglhv lw frxog qrw dozd|v eh frqfoxghg
wkdw hduo| hqwudqwv shuirup ehwwhu wkdq odwhu hqwudqwv1 Dsduw iurp wkh qxphurxv vwxglhv
wkdw irxqg shuvlvwhqw pdunhw0vkduh dgydqwdjhv wr uvw hqwudqwv/ wkhuh duh pdq| h{dpsohv ri
slrqhhulqj upv wkdw glg qrw vxuylyh wkh frpshwlwlrq ri odwhu hqwudqwv1 Gxwwd hw do1 +4<<8,
phqwlrq wkh fdvh ri HPL/ zklfk ghyhorshg wkh uvw FW vfdqqhu exw orvw lq wkh pdunhw sodfh
+ehfdxvh lw odfnhg d whfkqrorjlfdo lqiudvwuxfwxuh dqg pdunhwlqj edvh lq wkh phglfdo hog,1
Wkh frqwhqwv ri wklv sdshu lv dv iroorzv1 Wkh prgho lv lqwurgxfhg lq Vhfwlrq 51 Lq Vhfwlrq 6
wkh vroxwlrq surfhgxuh lv h{sodlqhg dqg rswlpdo lqyhvwphqw vwudwhjlhv duh dqdo|}hg lq ghwdlo
iru wzr vshflf vfhqdulrv1 Vhfwlrq 7 frqfoxghv1
51 Prgho Irupxodwlrq
Wkh prgho lv edvhg rq Juhqdglhu dqg Zhlvv +4<<:,/ exw khuh d gxrsro| zlwk wzr lghqwlfdo
upv lv frqvlghuhg/ zkloh lq Juhqdglhu dqg Zhlvv +4<<:, wkh dqdo|vlv lv irfxvvhg rq d vlqjoh
up1 Wr surgxfh jrrgv wkh upv qhhg wr dftxluh d fhuwdlq whfkqrorj|1 Wkh| fdq lqyhvw lq d
fxuuhqw whfkqrorj| zklfk lv dydlodeoh qrz1 Odwhu rq/ vd| dw wlph A/ d qhz dqg pruh h!flhqw
whfkqrorj| ehfrphv dydlodeoh iru dgrswlrq1 Lq rxu dqdo|vlv wlph A lv dvvxphg wr eh nqrzq
ehiruhkdqg +frqwudu| wr Juhqdglhu dqg Zhlvv +4<<:, zkhuh A ghshqgv rq wkh uhdol}dwlrq
5 Vhfrqg pryhu dgydqwdjhv duh dovr rewdlqhg e| Khqgulfnv +4<<5, dqg Gxwwd hw do1 +4<<8,1 Lq Khqgulfnv
+4<<5, wkh| duh fdxvhg e| h{ dqwh xqfhuwdlqw| lq wkh sur￿wdelolw| ri dgrswlrq/ zkloh lq Gxwwd hw do1 +4<<8,
wkh txdolw| ri wkh surgxfw lpsuryhv ryhu wlph1
8ri d Zlhqhu surfhvv wkdw jryhuqv wkh vwdwh ri whfkqrorjlfdo nqrzohgjh,1 Ghqrwh e| lqgh{
 wkh zd| wkh up surgxfhv jrrgv=  'fphdqv wkdw wkh up grhv qrw surgxfh dw doo/
 'vd|v wkdw wkh up surgxfhv xvlqj wkh fxuuhqw whfkqrorj|/ zkloh surgxflqj zlwk wkh
qhz whfkqrorj| lv ghvljqdwhg e|  '2 1 Wkh up*v surwv shu xqlw ri wlph/ zkloh lw surgxfhv
zlwk whfkqrorj|  dqg wkh rwkhu up zlwk whfkqrorj| /d u hj l y h qe |Z E c1F r q v h t x h q w o | /
li Ec ghqrwhv wkh ydoxh ri wkh up zkloh lw surgxfhv zlwk whfkqrorj|  dqg wkh rwkhu up









zkhuh o lv wkh frqvwdqw glvfrxqw udwh1 Li wkh qhz whfkqrorj| lv qrw dydlodeoh iru dgrswlrq
|hw/ l1h1 |	A / wkh up kdv wkh srvvlelolw| wr lqyhvw lq wkh fxuuhqw whfkqrorj|/ zkhuh wkh
lqyhvwphqw h{shqglwxuh htxdov e1 Wkhq wkh up*v sd|r lv Ec e/z k h u hghqrwhv
zkhwkhu wkh rwkhu up lv surgxflqj zlwk whfkqrorj| 4 ru uhiudlqv iurp surgxflqj1 Iurp
wlph A rqzdugv wkh up fdq fkrrvh wr dgrsw wkh qhz whfkqrorj|1 Li wkh up kdv lqyhvwhg
lq wkh fxuuhqw whfkqrorj| ehiruh/ lw pxvw uhsodfh wklv whfkqrorj| iru wkh qhz rqh1 Wkhq wkh
sd|r ri lqyhvwlqj lq wkh qhz whfkqrorj| lv E2cEc ￿/z k h u h ￿vwdqgv iru wkh
frvw ri xsjudglqj1 Qrwh wkdw lq wkh irupxodwlrq ri wkh sd|r lw lv wdnhq lqwr dffrxqw wkdw wkh
rwkhu up fdq fkdqjh lwv whfkqrorj| wrr dw wlph A1 Li wkh up dgrswv wkh qhz whfkqrorj|
zlwkrxw kdylqj lqyhvwhg lq wkh fxuuhqw whfkqrorj| ehiruh/ wkh sd|r ri wklv lqyhvwphqw lv
E2c ,1 Frqfhuqlqj wkh ohyhov ri wkh glhuhqw frvw sdudphwhuv zh lpsrvh wkdw
￿ 	 ,	 en ￿ +5,
9Wkh uvw lqhtxdolw| lq +5, ghqrwhv wkh ohduqlqj hhfw lq wkh vhqvh wkdw lw lv ohvv frvwo| wr
dgrsw dqg vxffhvvixoo| lpsohphqw wkh qhz whfkqrorj| li wkh up douhdg| surgxfhv jrrgv1
Wkh vhfrqg lqhtxdolw| dvvxuhv wkdw qr duelwudjh lv srvvleoh/ l1h1 lw lv dozd|v pruh frvwo| wr
lpphgldwho| vwduw surgxflqj zlwk wkh fxuuhqw whfkqrorj| dqg uhsodflqj lw odwhu e| wkh qhz
rqh/ wkdq wr uhiudlq iurp surgxfwlrq lqlwldoo| lq rughu wr zdlw iru wkh qhz whfkqrorj| wr
duulyh1 Dw wkh prphqw wkh qhz whfkqrorj| duulyhv wkh ghpdqg iru wkh fxuuhqw whfkqrorj|
zloo idoo vr wkdw lw pdnhv vhqvh wkdw wkh dftxlvlwlrq frvw ri wkh fxuuhqw whfkqrorj| zloo idoo
wrr1 Wklv pdnhv wkdw li wkh up glg qrw ex| wkh fxuuhqw whfkqrorj| ehiruh/ lw fdq ehfrph
surwdeoh wr dgrsw wklv whfkqrorj| diwhu wlph A1 Wkh sd|r ri wklv wudqvdfwlrq lv Ec _/
zkhuh iru _ lw krogv wkdw
_ 	 e +6,
Wkh zruwk ri d sduwlfxodu whfkqrorj| idoov ryhu wlph/ ehfdxvh +4, lw ehfrphv rog0idvklrqhg/
+5, wkh upv wkdw duh prvw hdjhu wr ex| wkh whfkqrorj| kdyh douhdg| erxjkw lw vr wkdw
whfkqrorj| vxssolhuv kdyh wr gurs wkhlu sulfh lq rughu wr qg dgglwlrqdo ex|huv/ dqg +6, gxh
wr ohduqlqj e| grlqj wkh whfkqrorj| vxssolhu fdq surgxfh wkh whfkqrorj| lq d fkhdshu zd|1
Iru wkhvh uhdvrqv zh dvvxph khuh wkdw whfkqrorj| lqyhvwphqwv duh luuhyhuvleoh1 Qh{w/ zh
vshfli| krz wkh surw vwuhdpv duh uhodwhg wr hdfk rwkhu61 Iluvw/ lw krogv wkdw zkhq wkh up
surgxfhv zlwk d jlyhq whfkqrorj| wkh kljkhvw surw lw fdq rewdlq lv wkh prqrsro| surw/
zklfk wkh up uhfhlyhv li wkh rwkhu up grhv qrw surgxfh1 Vhfrqg/ lwv surwv zloo eh orzhvw
zkhq wkh rwkhu up lv d vwurqj frpshwlwru lq wkh vhqvh wkdw lw surgxfhv lq wkh prvw h!flhqw
6 Qrwh wkdw iurp +4, lw fdq eh rewdlqhg wkdw sur￿wv shu xqlw ri wlph ￿+l>m, duh uhodwhg wr hdfk rwkhu lq wkh
vdph zd| dv wkh glvfrxqwhg sur￿w vwuhdpv S+l>m,1
:pdqqhu e| xvlqj wkh prghuq whfkqrorj|1 Wklv ohdgv wr
Ecf :E c :E c2 iru  ' c2  +7,
Ixuwkhupruh/ e| xsjudglqj lwv whfkqrorj|/ wkxv h{fkdqjlqj wkh fxuuhqw whfkqrorj| iru wkh
qhz whfkqrorj|/ wkh up jdlqv prvw wkh ohvv frpshwlwlyh wkh rwkhu up lv1 Ri frxuvh/ vlqfh
wkh qhz whfkqrorj| lv pruh h!flhqw/ wkh surw vwuhdp dozd|v lqfuhdvhv gxh wr wklv h{fkdqjh1
Pdwkhpdwlfdoo|/ wklv fdq eh h{suhvvhg dv
E2cf  Ecf :E2c  Ec :E2c2  Ec2 : f +8,
I l q d o o | /l qr u g h uw ro l p l ww k hq x p e h ur is r v v l e o hf d v h v /z hi r f x vr qw k hv f h q d u l rz k h u h
iru hyhu| whfkqrorj| lqyhvwphqw wkh glvfrxqwhg ixwxuh surw vwuhdp h{fhhgv wkh lpphgldwh
h{shqglwxuh1 Gxh wr +5,/ +6, dqg +7, lw fdq eh frqfoxghg wkdw wklv lv dvvxuhg e|
Ec2 : e>E2c2 : , +9,
61 Vroxwlrq Surfhgxuh
6141 Fdqglgdwh vwudwhjlhv iru rswlpdolw|
Vlqfh iru hyhu| whfkqrorj| lqyhvwphqw wkh glvfrxqwhg ixwxuh surw vwuhdp h{fhhgv wkh
lpphgldwh frvw h{shqglwxuh +fi1 +9,,/ lw lv rswlpdo iru wkh up wr lqyhvw dw ohdvw rqfh1 Wklv
lpsolhv wkdw/ jlyhq wkdw zh duh dw d fhuwdlq srlqw ri wlph |	A/ hdfk up kdv irxu fdqglgdwh
vwudwhjlhv iru rswlpdolw| +fi1 Juhqdglhu dqg Zhlvv +4<<:,,1 Wkh uvw vwudwhj| lv fdoohg wkh
Frpsxovlyh vwudwhj|1 Khuh wkh up lqyhvwv uljkw dzd| lq wkh fxuuhqw whfkqrorj|/ dqg uhsodfhv
;wklv fxuuhqw whfkqrorj| e| wkh qhz rqh dv vrrq dv wkh odwwhu ehfrphv dydlodeoh1 Wkh sd|r
ri wkh Frpsxovlyh vwudwhj| htxdov7
Ec ene
3oEA3|￿iE2cEc ￿j +:,
Wkh vhfrqg vwudwhj| lv wkh Ex| dqg Krog vwudwhj| e| zklfk lv phdqw wkdw wkh up lqyhvwv




Wkh wklug vwudwhj| lv wkh Ohdsiurj vwudwhj|1 Wkhq wkh up zdlwv iru wkh qhz whfkqrorj| wr
duulyh dqg dgrswv lw wkhq1 Wkh sd|r ri wklv vwudwhj| lv
e
3oEA3|￿iE2c ,j +<,
Wkh irxuwk vwudwhj| lv wr zdlw iru wkh qhz whfkqrorj| wr duulyh/ dqg dw wkdw prphqw lqyhvw
lq wkh fxuuhqw whfkqrorj|/ zklfk wkhq fdq eh erxjkw djdlqvw d fkhdshu sulfh1 Wkh sd|r ri




Wkh htxloleulxp vwudwhjlhv ri erwk upv ghshqg rq wkh vfhqdulrv lq zklfk wkh| kdyh wr
rshudwh1 Lw krogv wkdw lq vrph vfhqdulrv xsjudglqj lv rswlpdo/ lpso|lqj wkdw wkh sd|r ri
7 Lq +:,/ dv zhoo dv +;,/ +<, dqg +43,/ wkh rwkhu ￿up surgxfhv zlwk whfkqrorj| m ehiruh wlph W dqg zlwk
whfkqrorj| l diwhu wlph W= Ri frxuvh/ li m ru l htxdov 3 lw lv phdqw wkdw wkh rwkhu ￿up grhv qrw surgxfh dw
doo1
<￿ E2c2￿ 3 ￿E￿c2￿ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ $ ￿, 3 ￿_c￿ ￿ ￿
￿E2c2￿ 3 ￿E￿c2￿ $ ￿, 3 ￿_ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ $ ￿￿ 2
￿ E2c2￿ 3 ￿E￿c2￿ $ ￿￿ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ $ ￿, 3 ￿_ ￿
￿ E2c2￿ 3 ￿E￿c2￿ $ ￿, 3 ￿_c￿ ￿ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ ecD
￿, 3 ￿_ ￿￿ E2c2￿ 3 ￿E￿c2￿ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ $ ￿￿ Sc.
￿, 3 ￿_ ￿￿ E2c2￿ 3 ￿E￿c2￿ $ ￿￿ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ H
￿￿ ￿￿ E2c2￿ 3 ￿E￿c2￿ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ $ ￿, 3 ￿_ b
￿￿ ￿￿ E2c2￿ 3 ￿E￿c2￿ $ ￿, 3 ￿_ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ ￿f
￿, 3 ￿_c￿ ￿ ￿￿ E2c2￿ 3 ￿E￿c2￿ ￿￿ E2c￿￿ 3 ￿E￿c￿￿ ￿￿
Wdeoh 41 Srvvleoh vfhqdulrv dqg wkhlu uhvxowlqj vroxwlrqv zklfk duh qxpehuhg lq wkh odvw froxpq1
wkh Frpsxovlyh vwudwhj| h{fhhgv wkh sd|r ri wkh Ex| dqg Krog vwudwhj|/ zkloh lq rwkhu
rqhv lw lv qrw1 Dqrwkhu idfwru wkdw glvwlqjxlvkhv wkh glhuhqw vfhqdulrv duh wkh sd|rv ri
wkh Ohdsiurj dqg wkh Odjjdug vwudwhjlhv= wkh Ohdsiurj sd|r fdq h{fhhg wkh Odjjdug sd|r
exw lw fdq eh wkh rwkhu zd| urxqg wrr1 Khuh lw dovr kdv wr eh wdnhq lqwr dffrxqw wkdw wkh
udqnlqj ri wkh sd|rv ghshqgv rq zkdw wkh rwkhu up lv grlqj= surgxflqj zlwk wkh fxuuhqw
whfkqrorj| ru zlwk wkh qhz rqh1 Lq wklv zd| zh duulyh dw Wdeoh 4 zkhuh wkh glhuhqw vfhqdulrv
duh olvwhg1 Qrwh wkdw lq Wdeoh 4 lw lv wdnhq lqwr dffrxqw wkdw zkhq wkh up h{fkdqjhv wkh
fxuuhqw whfkqrorj| iru wkh qhz whfkqrorj|/ lw jdlqv pruh zkhq wkh rwkhu up surgxfhv zlwk
wkh fxuuhqw whfkqrorj| lqvwhdg ri wkh qhz whfkqrorj| +fi1 +8,,1 Iurp Wdeoh 4 lw fdq eh
ghulyhg wkdw vroylqj wkh prgho ohdgv wr hohyhq glhuhqw vroxwlrqv/ zklfk duh qxpehuhg lq wkh
odvw froxpq1 Lq wkh qh{w vxevhfwlrqv zh ghvfuleh wzr ri wkhvh vroxwlrqv lq ghwdlo1 Lq erwk
v x e v h f w l r q vz hv w d u wr x we |d q d o | } l q jw k hf d v hr ih{rjhqrxv up urohv/ l1h1/ ghvslwh wkh idfw
wkdw erwk upv duh lghqwlfdo rqh ri wkhp lv jlyhq wkh ohdghu uroh ehiruhkdqg1 Wklv lpsolhv
wkdw rqo| wklv up lv doorzhg wr lqyhvw uvw1 Wkh rwkhu up lv wkh iroorzhu/ zklfk fdq fkrrvh
ehwzhhq lqyhvwlqj dw wkh vdph wlph dv wkh ohdghu uhvxowlqj lq mrlqw dgrswlrq/ ru lqyhvwlqj
43odwhu1 Wkh uhvxowlqj vroxwlrq lv wdnhq dv d vwduwlqj srlqw wr frqvlghu wkh pruh uhdolvwlf fdvh
ri hqgrjhqrxv up urohv/ phdqlqj wkdw ehiruhkdqg lw lv qrw nqrzq zklfk up zloo eh wkh
ohdghu1
6161 Htxloleulxp vwudwhjlhv li wkh qhz whfkqrorj| lv fkhds
Wkh vroxwlrq zh kdyh lq plqg khuh lv vroxwlrq qu1 44 lq Wdeoh 4/ iurp zklfk lw fdq eh
rewdlqhg wkdw vroxwlrq qu1 44 lv rswlpdo zkhq
E2c  Ec :E2c2   Ec2 : 4@ E￿c , _ +44,
Gxh wr +:, dqg +;, zh fdq frqfoxgh wkdw xqghu +44, Frpsxovlyh grplqdwhv Ex| dqg Krog/
zkloh +<, dqg +43, lpso| wkdw Ohdsiurj grplqdwhv Odjjdug1
616141 H{rjhqrxv up urohv
Ghvslwh ri wkh idfw wkdw erwk upv duh lghqwlfdo rqh ri wkhp jhwv wkh ohdghu uroh ehiruhkdqg
vr wkdw wkh rwkhu up lv wkh iroorzhu1 Vwudljkwiruzdug fdofxodwlrqv ohdg wr wkh htxloleulxp
vwudwhjlhv wkdw duh suhvhqwhg lq Iljxuh 41 Wklv jxuh vkrxog eh uhdg dv d ihhgedfn gldjudp1
E| wklv lw lv phdqw wkdw wkh jxuh vkrzv zklfk srolf| erwk upv vkrxog fkrrvh dw d sduwlfxodu
srlqw ri wlph1 Lq Iljxuh 4 irxu wlph lqwhuydov fdq eh glvwlqjxlvkhg1 Frqfhuqlqj wkh qrwdwlrq/
|%+c5 phdqv wkdw dw wklv srlqw ri wlph d up lv lqglhuhqw ehwzhhq vwudwhj| % dqg +/j l y h q
wkdw wkh rwkhu up shuirupv vwudwhj| 51 Khuh wkh qdphv ri wkh vwudwhjlhv duh deeuhyldwhg
+= Frpsxovlyh/ ue= Ohdsiurj/ u@= Odjjdug/ dqg = Ex| dqg Krog,1 Vr/ li iru lqvwdqfh
w k hj d p hv w d u w vd wds r l q wr iw l p h|5d | ￿uecuecAcdffruglqj wr Iljxuh 4 erwk upv vkrxog










t CLe,C CLe,Le tT
Iljxuh 41 Uhohydqw vwudwhjlhv zlwk wkhlu sd|r￿v dv ixqfwlrq ri wkh lqlwldo wlph ri wkh jdph/ xqghu vfhqdulr +44,1
￿￿ lv wkh Frpsxovlyh sd|r￿ li wkh rwkhu ￿up dssolhv Ohdsiurj/ ￿2 lv wkh Frpsxovlyh sd|r￿ lq fdvh erwk ￿up
dsso| wkh Frpsxovlyh vwudwhj| dqg ue lv wkh Ohdsiurj sd|r￿ li wkh rwkhu ￿up dssolhv wkh Frpsxovlyh vwudwhj|1
vwudwhjlhv rffxu xqghu zklfk wklv whfkqrorj| zloo eh erxjkw= Frpsxovlyh dqg Ohdsiurj1
Zkhq wkh srlqw ri wlph dw zklfk wkh qhz whfkqrorj| dsshduv rq wkh pdunhw olhv uhodwlyho|
idu lq wkh ixwxuh/ lw lv rswlpdo iru erwk upv wr dsso| wkh Frpsxovlyh vwudwhj|/ l1h1 ex|
wkh fxuuhqw whfkqrorj| lpphgldwho| dqg xsjudgh dw wlph A Wklv h{sodlqv zk| lq Iljxuh
4 iru erwk upv wkh Frpsxovlyh vwudwhj| lv rswlpdo rq wkh wlph lqwhuydo dfc| ￿uec￿1R q
w k hw l p hl q w h u y d od | ￿uec￿c| ￿uecue A lv qrw wkdw idu dzd|/ zklfk lpsolhv wkdw/ jlyhq wkdw wkh
ohdghu dqqrxqfhv d Frpsxovlyh vwudwhj|/ wkh iroorzhu zloo suhihu Ohdsiurj/ l1h1 uhiudlq iurp
lpphgldwh lqyhvwphqw lq rughu wr zdlw iru wkh qhz whfkqrorj| wr duulyh1 Wkh h{sodqdwlrq
45lv wkdw wkh wlph lqwhuydo lq zklfk wkh fxuuhqw whfkqrorj| zloo eh xvhg lv wrr vkruw wr pdnh
lqyhvwlqj lq wkh fxuuhqw whfkqrorj| surwdeoh1 Dovr wkh ohduqlqj hhfw/ l1h1 lpsohphqwlqj
wkh qhz whfkqrorj| lv fkhdshu zkhq wkh up kdv douhdg| surgxfwlrq h{shulhqfh gxh wr xvlqj
wkh fxuuhqw whfkqrorj|/ fdqqrw pdnh xs iru wklv +fi1+5,,1 Exw/ jlyhq wkdw wkh iroorzhu zloo
qrw dgrsw wkh fxuuhqw whfkqrorj| vr wkdw lw zloo qrw surgxfh ehiruh wlph A/e |l q y h v w l q j
lq wkh fxuuhqw whfkqrorj| wkh ohdghu fdq ehfrph d prqrsrolvw xqwlo wkh wlph wkdw wkh qhz
whfkqrorj| duulyhv1 Wklv h{sodlqv wkh xszdug mxps ri wkh sd|r uhvxowlqj iurp d Frpsxovlyh
vwudwhj| uljkw dw |￿uec￿1R qw k hw k l u gl q w h u y d od | ￿uecuecAwkh duulydo ri wkh qhz whfkqrorj| lv
wkdw qhdu wkdw iru erwk upv lw lv rswlpdo wr zdlw zlwk lqyhvwphqw xqwlo wkh qhz whfkqrorj|
ehfrphv dydlodeoh1 Wklv h{sodlqv wkh rffxuuhqfh ri wkh Ohdsiurj vwudwhj| rq wklv lqwhuydo1
Rq wkh odvw lqwhuydo dAc4 wkh upv fdq fkrrvh dprqj lqyhvwlqj uljkw dzd| lq wkh fxuuhqw
dqg wkh qhz whfkqrorj|1 Gxh wr wkh duulydo ri wkh qhz whfkqrorj| wkh sulfh ri wkh fxuuhqw
whfkqrorj| kdv idoohq iurp e wr _1 Krzhyhu/ dv fdq eh ghulyhg iurp +<,/+43,/ dqg +44,/ lw
lv vwloo pruh surwdeoh wr dgrsw wkh qhz whfkqrorj| vr wkdw erwk upv dsso| wkh Ohdsiurj
vwudwhj|1
616151 Hqgrjhqrxv up urohv
Vlqfh upv duh lghqwlfdo wkhuh vhhpv wr eh qr uhdvrq zk| rqh ri wkhvh upv vkrxog eh jlyhq
w k ho h d g h uu r o he h i r u h k d q g 1W k l vp d n h vw k hr x w f r p hr iw k hh { r j h q r x v u pu r o h vf d v hk d u gw r
dffhsw1 Lq wklv vxevxevhfwlrq krzhyhu/ zh xvh wklv rxwfrph wr jhqhudwh wkh htxloleuld ri wkh
fdvh zkhuh lw lv qrw nqrzq ehiruhkdqg zklfk up zloo lqyhvw uvw1 Wkh idfw wkdw upv duh
l g h q w l f d od o v rl p s o l h vw k d wl wl vu h d v r q d e o hw rl p s r v hw k d w u p ve h k d y hl qw k hv d p hp d q q h u 1
46Wkhuhiruh zh uhvwulfw rxuvhoyhv wr v|pphwulf vwudwhjlhv1 Orrnlqj dw Iljxuh 4 zh vhh wkdw/
dsduw iurp wkh lqwhuydo d|￿uec￿c| ￿uecue/ lq wkh fdvh ri h{rjhqrxv up urohv wkh upv fkrrvh
iru wkh vdph vwudwhj|/ phdqlqj wkdw wkh| lqyhvw dw wkh vdph wlph lq wkh vdph whfkqrorj|1
Khqfh/ wkhuh lv qr glhuhqfh lq wkh ehkdylru ri ohdghu dqg iroorzhu vr wkdw zh hqg xs zlwk wkh
vdph htxloleuld dv lq wkh fdvh ri hqgrjhqrxv up urohv1 Vr/ zkdw lv ohiw wr gr lv wr ghwhuplqh
wkh htxloleuld rq wkh lqwhuydo d|￿uec￿c| ￿uecue1 Iurp Iljxuh 4 zh rewdlq wkdw wkh up wkdw
lqyhvwv uvw jhwv wkh kljkhvw sd|r uhvxowlqj iurp wkh Frpsxovlyh vwudwhj|1 Wkh rwkhu up
sod|v Ohdsiurj/ dqg wklv sd|r lv ohvv wkdq wkh Frpsxovlyh rqh1 Lq fdvh erwk upv lqyhvw
dw wkh vdph wlph/ wkh| erwk jhw wkh Frpsxovlyh sd|r dvvrfldwhg zlwk wkh grwwhg olqh lq
Iljxuh 41 Lw lv fohdu wkdw wkh Frpsxovlyh sd|r ri wkh uvw lqyhvwru olhv deryh wklv rqh/
vlqfh wkh uvw lqyhvwru lv prqrsrolvw xqwlo wlph A1 Ohw xv ghwhuplqh wkh rswlpdo vwudwhj|
ri erwk upv li wkh jdph ehjlqv dw d srlqw ri wlph |f 5 d|￿uec￿c| ￿uecue1 Lw lv dwwudfwlyh wr
eh wkh uvw lqyhvwru/ exw zkhq erwk upv dsso| wkh vwudwhj| lqyhvw uljkw dzd| dw wlph |f/
zlwk suredelolw| rqh wkh| hqg xs zlwk d frpsxovlyh sd|r dvvrfldwhg zlwk wkh grwwhg olqh lq
Iljxuh 41 Wkhuhiruh/ zh kdyh wr orrn iru d pl{hg vwudwhj|1 Wr gr vr/ ohw xv ghqh T E| dv wkh
y d o x hr iw k h u pd ww l p h| /RE | lv wkh suredelolw| wkdw wkh up lqyhvwv dw wlph |/ zkloh ^ E| lv
wkh suredelolw| wkdw wkh rwkhu up lqyhvwv dw wlph |1 RE| dqg ^ E| duh wkh frqwuro yduldeohv
ri erwk upv wkdw qhhg wr eh rswlpdoo| ghwhuplqhg1 Ixuwkhupruh/ wr glvwlqjxlvk ehwzhhq
wkh wzr Frpsxovlyh sd|rv/ wkh sd|r hduqhg e| wkh up ehlqj wkh rqo| rqh dsso|lqj wkh
Frpsxovlyh vwudwhj| lv ghqrwhg dv ￿E|c zkhuhdv 2 E| lv wkh sd|r lq fdvh erwk upv sod|
Frpsxovlyh1 Wkhq/ zkloh vxssuhvvlqj wkh wlph dujxphqwv/ wkh ydoxh ri wkh up lv jlyhq e|
T ' RE  ^￿ nE R ^uenR^2 nE R E^T +45,
47Wklv htxdwlrq uh hfwv wkdw zlwk suredelolw| RE  ^ w k h u pl q y h v w v u v wv rw k d wl wr e w d l q v
wkh sd|r ￿/ zlwk suredelolw| E  R^ wkh rwkhu up lqyhvwv uvw vr wkdw wkh up jhwv wkh
Ohdsiurj sd|r/ zlwk suredelolw| R^ w k h u p vl q y h v wd ww k hv d p hw l p ho h d g l q jw rds d | r 
ehlqj htxdo wr 2c zkloh zlwk suredelolw| E  RE^qrwklqj kdv kdsshqhg vr wkdw zh
duh edfn lq wkh ruljlqdo vlwxdwlrq1 Uhzulwlqj +45, jlyhv wkh h{suhvvlrq iru wkh ydoxh ri wkh
up dw wlph |/z k h u h|5d | ￿uec￿c| ￿uecue=
T '
RE  ^￿ nE R ^uenR^2
  E  RE  ^
 +46,
Wr qg wkh rswlpdo ydoxh iru R zh glhuhqwldwh +46, z1u1w1 R dqg sxw wklv h{suhvvlrq htxdo
wr }hur1 Wklv hyhqwxdoo| ohdgv wr wkh iroorzlqj htxdolw|=
TR '
^ EE  ^￿  ue  ^2
E  E  RE^
2 'f  +47,
Lw lv hdvlo| yhulhg wkdw TRR 	 f/ vr wkdw vdwlvi|lqj +47, lqghhg ohdgv wr d pd{lpxp ydoxh ri
wkh up1 Vlqfh zh rqo| frqvlghu v|pphwulfdo vwudwhjlhv zh lpsrvh wkdw
R ' ^ +48,





Iurp Iljxuh 4 zh ohduq wkdw 2 	u e	 ￿ / vr wkdw zh duh vxuh wkdw wkh suredelolw| R
olhv ehwzhhq }hur dqg rqh1 Ixghqehuj dqg Wluroh +4<;8, vkrz wkdw wkh vwudwhjlhv iruphg
8 D vlplodu ydoxh iru s zdv irxqg lq Ixghqehuj dqg Wluroh +4<;8, dqg Vlprq +4<;:,1 Wkh odwwhu sdshu dssolhg
d wlplqj jdph wr vroyh d vr0fdoohg jxq￿jkwhu sureohp1
48e| +48, dqg +49, duh d shuihfw htxloleulxp/ zkloh wkh h{shfwhg ydoxh ri wkh up htxdov ue1
W k ho d v wu h v x o wf d qe hf k h f n h ge |v x e v w l w x w l r qr i+ 4 8 ,d q g+ 4 9 ,l q w r+ 4 6 , 1 I u r p+ 4 9 ,z h
ixuwkhu rewdlq wkdw/ jlyhq wkh glhuhqfh ￿  2/ wkh up lv pruh hdjhu wr lqyhvw zkhq wkh
glhuhqfh ehwzhhq wkh sd|r dvvrfldwhg zlwk lqyhvwlqj uvw dqg d Ohdsiurj sd|r lv odujh/




iru dq| 0:f 1 Wklv fdq eh suryhg e| slfnlqj d yhu| qh glvfuhwh0wlph julg zlwk ? julg srlqwv
rq wkh lqwhuydo d|c| n 0o dqg sod| R rq wklv julg1 E| ohwwlqj ? jr wr lqqlw| htxdwlrq +4:,
i r o o r z v 1 L iz ho h w0dssurdfk }hur zh fdq frqfoxgh iurp +4:, wkdw lq wkh jdph vwduwlqj dw
wlph | rqh ri wkh upv zloo vxuho| lqyhvw uljkw dw wlph |1 Ri frxuvh/ erwk upv gr qrw zdqw wr
lqyhvw dw wkh vdph wlph/ ehfdxvh lw ohdyhv wkhp zlwk wkh orzhvw srvvleoh sd|r 21I u r p+ 4 6 ,
dqg +48, lw fdq eh ghulyhg wkdw wkh suredelolw| ri rffxuuhqfh ri vxfk d plvwdnh lv R*E2  R/
zklfk qdwxudoo| lqfuhdvhv zlwk R91 Gxh wr wkh idfw wkdw ￿ :u e / +49, ohduqv wkdw R lv vwulfwo|
srvlwlyh/ vr wkdw wkh suredelolw| ri pdnlqj d plvwdnh lv vwulfwo| juhdwhu wkdq rqh1 Wklv lv
glhuhqw iurp wkh prgho lq Ixghqehuj dqg Wluroh +4<;8,/ zkhuh wklv suredelolw| lv }hur gxh
wr uhqw htxdol}dwlrq1 Lq d vlplodu zd| lw fdq eh rewdlqhg wkdw wkh suredelolw| ri d up ehlqj
wkh uvw lqyhvwru htxdov E  R*E2  R1 Gxh wr v|pphwu| wklv lv dovr wkh suredelolw| ri
hqglqj xs zlwk d Ohdsiurj sd|r1 Vlqfh wkh suredelolw| ri vlpxowdqhrxv dgrswlrq lqfuhdvhv
zlwk R/ lw iroorzv wkdw wkh suredelolw| ri ehlqj wkh uvw lqyhvwru ghfuhdvhv zlwk R/z k l f kl vd w
9Qrwh wkdw e| doorzlqj wklv plvwdnh/ lq wklv uhvshfw wkh sdshu lv pruh dgydqfhg wkdq Gxwwd hw do1 +4<<8,
dqg Juhqdglhu +4<<9,/ zkhuh lw zdv dvvxphg ehiruhkdqg wkdw erwk ￿upv fdqqrw dfw dw wkh vdph wlph1
49uvw vljkw d vwudqjh uhvxow1 Exw lw lv qrw wkdw vwudqjh li +48, lv wdnhq lqwr dffrxqw/ l1h1 li rqh
up lqfuhdvhv lwv suredelolw| wr lqyhvw/ wkh rwkhu up grhv wkh vdph1 Wklv uhvxowv lq d kljkhu
suredelolw| ri pdnlqj d plvwdnh/ zklfk ohdyhv ohvv urrp iru wkh htxdo suredelolwlhv ri ehlqj
wkh uvw lqyhvwru dqg sod|lqj Ohdsiurj1 Vxevwlwxwlrq ri wkh Frpsxovlyh dqg wkh Ohdsiurj
sd|rv/ zklfk duh jlyhq e| +:, dqg +<,/ lqwr +49, uhvxowv lq wkh iroorzlqj h{suhvvlrq iru R rq
w k hw l p hl q w h u y d od | ￿uec￿c| ￿uecue=
RE|'
Ecf  e n e3oEA3|￿ E Ecf n ,  ￿
E Ecf   EcE  e3oEA3|￿
 +4;,
Wr vhh krz R ghyhorsv ryhu wlph/ glhuhqwldwh +4;, zlwk uhvshfw wr |/ dqg hyhqwxdoo| rewdlq
R
￿ E|'
oe3oEA3|￿E,  ￿  e
E Ecf   EcE  e3oEA3|￿
	 fc +4<,
zkhuh wkh lqhtxdolw| vljq iroorzv iurp +5,1 Wkh lpsolfdwlrq lv wkdw li zh frqvlghu wzr jdphv/
rqh ehjlqqlqj dw wlph |￿dqg wkh rwkhu rqh dw wlph |2/z k h u h| ￿dqg |2 duh uhodwhg vxfk wkdw
|￿uec￿ 	| ￿	| 2	| ￿uecue/ wkhq wkh suredelolw| ri pdnlqj wkh vlpxowdqhrxv dgrswlrq plvwdnh
l qw k hj d p hw k d we h j l q vd w| ￿lv odujhu wkdq lq wkh jdph wkdw vwduwv rxw dw |21 Wr xqghuvwdqg
wklv uhvxow/ frqvlghu Iljxuh 4= +4, wkh glhuhqfh ehwzhhq wkh sd|r iurp ehlqj wkh uvw
lqyhvwru dqg wkh Ohdsiurj sd|r ghfolqhv/ vr wkdw wkh uhodwlyh surwdelolw| ri zlqqlqj wkh
lqyhvwphqw udfh idoov/ dqg +5, wkh glhuhqfh ehwzhhq wkh Ohdsiurj sd|r dqg wkh sd|r
wkdw uhvxowv iurp vlpxowdqhrxv lqyhvwphqw lqfuhdvhv vr wkdw upv pruh dqg pruh suhihu wr
orvh wkh lqyhvwphqw udfh udwkhu wkdq wr pdnh wkh mrlqw dgrswlrq plvwdnh1 Ixuwkhupruh iurp
+4;, dqg wkh idfw wkdw wkh suredelolw| ri wkh mrlqw dgrswlrq plvwdnh lqfuhdvhv zlwk R/w k h
iroorzlqj fhwhulv sdulexv uhvxowv fdq eh ghulyhg= wkh mrlqw dgrswlrq plvwdnh lv pruh olnho| wr
rffxu iru orzhu ydoxhv ri Ecf/ e/ o/r u ￿/ dqg iru kljkhu ydoxhv ri ,/ A ru  Ec1
4:6171 Htxloleulxp vwudwhjlhv li ohduqlqj lv qhjoljleoh dqg wkh qhz whfkqrorj| lv h{shqvlyh
Lq wklv vxevhfwlrq vroxwlrq qu1 5 ri Wdeoh 4 lv dqdo|}hg1 Iurp wkh wdeoh zh rewdlq wkdw lq
wklv fdvh lw krogv wkdw
 E2c  ￿   Ec  fc +53,
 E2c  , :Ec  _c +54,
E2c2  ,  Ec2  _ +55,
Lq Wdeoh 4 zh vhh wkdw wkh frvw ri xsjudglqj lv odujh lq wklv vfhqdulr1 Wklv phdqv wkdw/ hyhq
lq fdvh wkh up lv douhdg| dfwlyh rq wklv pdunhw e| surgxflqj zlwk wkh fxuuhqw whfkqrorj|/
wkh ohduqlqj hhfw lv wkdw orz wkdw lw lv vwloo frvwo| wr ex| dqg lpsohphqw wkh qhz whfkqrorj|1
Iurp +53, lw fdq eh frqfoxghg wkdw/ jlyhq wkdw wkh rwkhu up surgxfhv zlwk wkh fxuuhqw
whfkqrorj|/ lw lv qrw rswlpdo wr xsjudgh vr wkdw wkh Frpsxovlyh vwudwhj| zloo qrw eh rswlpdo1
Wkh vdph krogv zkhq wkh rwkhu up surgxfhv zlwk wkh qhz whfkqrorj|/ ehfdxvh wkhq h{0
fkdqjlqj wkh fxuuhqw whfkqrorj| iru wkh qhz rqh lv hyhq ohvv surwdeoh1 Wdnlqj lqwr dffrxqw
wkh sd|rv ri wkh Ohdsiurj dqg wkh Odjjdug vwudwhj| +fi1 +<, dqg +43,,/ zh fdq ghulyh iurp
+54, dqg +55, wkdw wkh Ohdsiurj vwudwhj| lv pruh surwdeoh wkdq wkh Odjjdug vwudwhj| li wkh
rwkhu up surgxfhv zlwk wkh fxuuhqw whfkqrorj|/ zkloh lw lv wkh rwkhu zd| urxqg zkhq wkh
rwkhu up surgxfhv zlwk wkh qhz whfkqrorj|1 Vlqfh zh douhdg| frqfoxghg wkdw xsjudglqj lv
qhyhu rswlpdo/ lw iroorzv wkdw lq wklv vfhqdulr ghpdqg rq wkh rxwsxw pdunhw lv wrr vpdoo iru
wzr upv surgxflqj zlwk wkh pruh h{shqvlyh qhz whfkqrorj|1
4;617141 H{rjhqrxv up urohv
Djdlq zh uvw frqvlghu wkh fdvh zkhuh rqh up lv wkh ohdghu dqg wkh rwkhu up wkh
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Iljxuh 51 Uhohydqw vwudwhjlhv zlwk wkhlu sd|r￿v dv ixqfwlrq ri wkh lqlwldo wlph ri wkh jdph/ xqghu vfhqdulr +53,0+55,1 ￿￿ lv wkh
Ex| dqg Krog sd|r￿ lq fdvh wkh rwkhu ￿up dssolhv Ohdsiurj/ ￿2 lv wkh Ex| dqg Krog sd|r￿ li erwk ￿upv dsso| Ex| dqg Krog/
u@￿ lv wkh Odjjdug sd|r￿ li wkh rwkhu ￿up dssolhv Ohdsiurj/ u@2 lv wkh Odjjdug sd|r￿ li erwk ￿upv dsso| Odjjdug/ ue￿ lv wkh
Ohdsiurj sd|r￿ li wkh rwkhu ￿up dssolhv Ex| dqg Krog ru Odjjdug/ dqg ue2 lv wkh Ohdsiurj sd|r￿ li erwk ￿upv dsso| Ohdsiurj1
ri xsjudglqj lv wrr kljk iru d uhsodfhphqw ri wkh fxuuhqw whfkqrorj| e| wkh qhz whfkqrorj|
wr eh surwdeoh/ wkh Frpsxovlyh vwudwhj| zloo qhyhu eh dssolhg1 Zkhq wkh srlqw ri wlph A dw
zklfk wkh qhz whfkqrorj| dsshduv rq wkh pdunhw lv uhodwlyho| idu dzd|/ lw lv rswlpdo iru erwk
upv wr vwduw surgxflqj zlwk wkh fxuuhqw whfkqrorj|1 Wkhuhiruh/ erwk upv dsso| wkh Ex|
4<dqg Krog vwudwhj| li wkh lqlwldo wlph ri wkh jdph ehorqjv wr wkh lqwhuydo dfc| ￿uec￿1R qw k h
wlph lqwhuydo d|￿uec￿c| ￿u@cue A lv qrw wkdw idu dzd|/ zklfk lpsolhv wkdw/ jlyhq wkdw wkh ohdghu
iroorzv d Ex| dqg Krog vwudwhj|/ wkh iroorzhu zloo suhihu Ohdsiurj1 Wkh hduqlqjv wkdw dulvh
iurp surgxflqj zlwk wkh fxuuhqw whfkqrorj| rq wkh wlph lqwhuydo ehiruh wlph A duh qrw odujh
hqrxjk iru wkh iroorzhu wr mxvwli| wkh lpphgldwh dftxlvlwlrq ri wkh fxuuhqw whfkqrorj|1 Qrwh
wkdw/ jlyhq wkdw wkh ohdghu dssolhv d Ex| dqg Krog vwudwhj|/ iru wkh iroorzhu wkh Ohdsiurj
sd|r lv kljkhu wkdq wkh Odjjdug sd|r +fi1 +54,,1 Wkh idfw wkdw wkh iroorzhu sod|v Ohdsiurj
lpsolhv wkdw xqwlo wkh qhz whfkqrorj| duulyhv wkh ohdghu lv wkh rqo| surgxfhu rq wkh pdunhw1
Wklv prqrsro| srvlwlrq lqfuhdvhv uhyhqxh ehiruh wlph A/ frpsduhg wr wkh vlwxdwlrq zkhuh
erwk upv dsso| Ex| dqg Krog1 Rq wkh rwkhu kdqg/ diwhu wlph A wkh Ex| dqg Krog vwudwhj|
zloo jhqhudwh ohvv uhyhqxh/ ehfdxvh wkhq wkh rwkhu up fdswxuhv d odujhu vkduh ri wkh pdunhw
vlqfh lw surgxfhv pruh h!flhqwo| zlwk wkh qhz whfkqrorj|1 Khqfh/ wzr frqwudu| hhfwv duh
zrunlqj rq wkh Ex| dqg Krog sd|r rqfh wkh iroorzhu vzlwfkhv wr Ohdsiurj1 Iljxuh 5 lv
gudzq vxfk wkdw wkh prqrsro| hhfw grplqdwhv/ zklfk h{sodlqv wkh xszdug mxps ri wkh Ex|
dqg Krog sd|r uljkw dw |￿uec￿1 Exw wkh uhyhuvh fdq dovr eh wuxh1 Diwhu vwudljkwiruzdug







Zh vhh wkdw lq dq| fdvh dw wkh hqg ri wklv lqwhuydo wkh Ex| dqg Krog sd|r lv ohvv wkdq
wkh Ohdsiurj sd|r vr wkdw wkh uvw lqyhvwru hduqv ohvv wkdq wkh iroorzhu1 Ghqh |￿ dv wkh
srlqw ri wlph dw zklfk wkh sd|rv ri Ex| dqg Krog dqg Ohdsiurj duh htxdo +vhh Iljxuh 5/
qrwh wkdw |￿ grhv qrw h{lvw lq fdvh +56, grhv qrw krog,1 Wkhq/ rq wkh lqwhuydo d|￿c| ￿u@cue
53+ru d|￿uec￿c| ￿u@cue li +56, grhv qrw krog, wkh ohdghu uhiudlqv iurp lqyhvwphqw dqg dssolhv d
Ohdsiurj vwudwhj|1 Wkh iroorzhu lv qrw doorzhg wr lqyhvw hduolhu wkdq wkh ohdghu/ vr kh kdv
wr fkrrvh ehwzhhq Ohdsiurj dqg Odjjdug1 Wkh iroorzhu*v fkrlfh zloo eh Odjjdug/ vlqfh wklv
ohdyhv klp zlwk wkh kljkhvw sd|r +fi1 +55,,1 Rq wkh lqwhuydo d|￿u@cuecAwkh duulydo wlph ri
wkh qhz whfkqrorj| lv wkdw forvh wkdw iru erwk upv lw lv qrw rswlpdo wr lqyhvw lpphgldwho|1
R q h u pz l o od g r s ww k hq h zw h f k q r o r j |d vv r r qd vl wd u u l y h v 1W k hr w k h u u pz d l w vx q w l ow l p h
Awr dftxluh wkh fxuuhqw whfkqrorj|/ vlqfh iurp wklv wlph rqzdugv wkh dftxlvlwlrq frvw ri wkh
fxuuhqw whfkqrorj| lv orzhu +fi1 +6,,1 Qrwh wkdw/ jlyhq wkh idfw wkdw rqh up sod|v Ohdsiurj/
h{suhvvlrq +55, lpsolhv wkdw iru wkh rwkhu up wkh Odjjdug vwudwhj| lv prvw surwdeoh1 Wkh
uhdvrq lv wkdw wkh ghpdqg iru rxwsxw lv wrr orz iru wkh wzr upv wr surgxfh erwk zlwk wkh
qhz h{shqvlyh whfkqrorj|1 Rq wkh odvw lqwhuydo dAc4 wkh upv fdq fkrrvh dprqj lqyhvwlqj
uljkw dzd| lq wkh fxuuhqw dqg wkh qhz whfkqrorj|1 Rqh up zloo dgrsw wkh qhz whfkqrorj|1
Jlyh wklv fkrlfh/ lw lv rswlpdo iru wkh rwkhu up wr lqyhvw lq wkh fxuuhqw whfkqrorj| dw wkh
fkhdshu sulfh _1
617151 Hqgrjhqrxv up urohv
Lq wklv vxevxevhfwlrq lw lv qrw vshflhg ehiruhkdqg zklfk up zloo eh wkh uvw lqyhvwru/
vr wkdw erwk upv fdq eh ohdghu ru iroorzhu1 Dv vdlg ehiruh wklv vhhpv wkh surshu zd| wr
dqdo|}h d gxrsro| zlwk lghqwlfdo upv1 Vlqfh upv duh lghqwlfdo/ zh uhvwulfw rxuvhoyhv wr
v|pphwulf vwudwhjlhv1 Iurp Iljxuh 5 lw lv rewdlqhg wkdw rqo| iru wkh lqwhuydo dfc| ￿uec￿ wkh
vwudwhjlhv ri erwk upv duh lghqwlfdo/ lpso|lqj wkdw wkh htxloleulxp iru jdphv vwduwlqj rxw dw
d srlqw ri wlph wkdw ehorqjv wr wklv lqwhuydo lv wkh vdph iru wkh h{rjhqrxv dqg wkh hqgrjhqrxv
54up urohv fdvh1 Wr vroyh wkh zkroh sureohp zh glylgh wkh uhpdlqlqj wlph lqwhuydo lqwr wkuhh
vxelqwhuydov dqg wuhdw wkh wkuhh fdvhv lq uhyhuvhg rughu ri wlplqj1 Wkhuhiruh/ zh vwduw dw wkh
edfn dqg wkxv frqvlghu wkh lqwhuydo dAc4 uvw1
Jdph zlwk vwduwlqj srlqw rq wkh lqwhuydo dAc4 Wkh jdph zh dqdo|}h qrz kdv dq lqlwldo
srlqw ri wlph |f  A1 Vlqfh wkh kljkhvw sd|r fdq eh rewdlqhg e| d Ohdsiurj vwudwhj|
+surylghg wkdw wkh rwkhu up sod|v Odjjdug,/ lw lv dwwudfwlyh wr eh wkh uvw lqyhvwru lq wkh
qhz whfkqrorj| +zklfk lv dydlodeoh vlqfh rq wklv lqwhuydo wkh jdph vwduwv rxw dw d srlqw ri
wlph diwhu wlph A,1 Krzhyhu/ zkhq erwk upv dsso| wkh vwudwhj| lqyhvw uljkw dzd| lq wkh
qhz whfkqrorj| dw wlph |f/ zlwk suredelolw| rqh wkh| hqg xs zlwk d sd|r  E2c2  ,/
zklfk lv ohvv wkdq zkdw frxog eh rewdlqhg e| lqyhvwlqj lq wkh fxuuhqw whfkqrorj| +fi1 +55,,1
Khqfh/ lw vhhpv wkdw d pl{hg vwudwhj| lv fdoohg iru1 Ghqh T E| dv wkh ydoxh ri wkh up dw
wlph w/ R￿E| lv wkh suredelolw| wkdw wkh up lqyhvwv lq wkh qhz whfkqrorj| dw wlph |/ R2E|
lv wkh suredelolw| wkdw wkh up lqyhvwv lq wkh fxuuhqw whfkqrorj| dw wlph w/ dqg ^￿E| dqg
^2E| htxdo wkh suredelolw| wkdw wkh rwkhu up dw wlph | lqyhvwv lq wkh qhz dqg wkh fxuuhqw
whfkqrorj|/ uhvshfwlyho|1 Ixuwkhupruh/ ue￿ vwdqgv iru wkh Ohdsiurj sd|r zkhq wkh rwkhu
up dgrswv wkh fxuuhqw whfkqrorj|/ ue2 lv wkh sd|r zkhq erwk upv dsso| wkh Ohdsiurj
vwudwhj|/ u@￿ lv wkh Odjjdug sd|r zkhq wkh rwkhu up sod|v Ohdsiurj/ dqg u@2 lv wkh sd|r
erwk upv rewdlq zkhq wkh| erwk sod| Odjjdug1 Wkhq wkh ydoxh ri wkh up lv jlyhq e|
T 'R￿ E  ^￿  ^2ue￿ n R￿^2ue￿ n R￿^￿ue2 n R2 E  ^￿  ^2u@￿ n +57,
R2^2u@2 n R2^￿u@￿ nE R ￿R 2E^ ￿^ 2T n
E  R￿  R2^2ue￿ nE R ￿R 2^ ￿u@￿
55Uhzulwlqj jlyhv wkh h{suhvvlrq iru wkh ydoxh ri wkh up iru d jdph vwduwlqj vrphzkhuh zlwklq
wkh lqwhuydo dAc4=
T '
ER￿E  ^￿nE R ￿R 2^ 2ue￿ n R￿^￿ue2n
  E  R￿  R2E^ ￿^ 2
+58,
ER2 E  ^2nE R ￿R 2^ ￿u@￿ n R2^2u@2
  E  R￿  R2E^ ￿^ 2

Wr qg wkh rswlpdo ydoxh iru R￿ dqg R2/g l  h u h q w l d w hTzlwk uhvshfw wr R￿ dqg R2 dqg
hyhqwxdoo| rewdlq wkdw
TR￿ '
EE  ^￿  ^2ER 2n^ ￿R 2^ ￿ue￿n
E  E  R￿  R2E^ ￿^ 2
2 +59,
EE  E  R2E^ ￿^ 2^￿ue2n
E  E  R￿  R2E^ ￿^ 2
2
E^￿  R2 E  ^2E^ ￿^ 2u@￿n
E  E  R￿  R2E^ ￿^ 2
2
R2^2 E  ^￿  ^2u@2




E^ 2R ￿E  ^￿E^ ￿^ 2ue￿n
E  E  R￿  R2E^ ￿^ 2
2 +5:,
R￿^￿ E  ^￿  ^2ue2n
E  E  R￿  R2E^ ￿^ 2
2
E  ^￿  ^2ER ￿n^ 2R ￿^ 2u@￿n
E  E  R￿  R2E^ ￿^ 2
2
E^2  ^2 E  R￿E^ ￿^ 2u@2
E  E  R￿  R2E^ ￿^ 2
2
'f
Xvlqj wkh frpsxwhu surjudp Pdwkhpdwlfd zh yhulhg wkdw T lv frqfdyh lq ER￿cR 2/v rw k d w
vdwlvi|lqj +59, dqg +5:, lqghhg ohdgv wr d pd{lpdo ydoxh ri wkh up1 Vlqfh upv duh lghqwlfdo
56zh uhvwulfw rxuvhoyhv wr v|pphwulfdo vwudwhjlhv zklfk lpsolhv wkdw
R￿ ' ^￿cR 2 '^ 2 +5;,
Vxevwlwxwlrq ri +5;, lqwr +59, dqg +5:, ohdgv wr wkh iroorzlqj vhw ri htxdwlrqv=
TR￿ '
E  R￿  R2ER 2nR ￿R ￿R 2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R ￿ue2
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2￿2
ER￿ n R2 E  R2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ue2
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'f +63,
Wdnlqj lqwr dffrxqw wkdw R￿ dqg R2 duh suredelolwlhv vr wkdw wkh| kdyh d ydoxh qrw orzhu wkdq
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cR 2 'f  +64,
Wkh lpsruwdqw frqfoxvlrq wkdw fdq eh gudzq iurp +64, lv wkdw wkh rswlpdo pl{hg vwudwhj|
grhv qrw dvvljq d srvlwlyh suredelolw| wr lqyhvwlqj lq wkh fxuuhqw whfkqrorj|1 Wkh reylrxv
uhdvrq lv wkdw wkh kljkhvw sd|r lv rewdlqhg zkhq wkh up lv wkh uvw lqyhvwru lq wkh qhz
whfkqrorj|1 Wkh vwudwhj| orrnv yhu| pxfk wkh vdph dv wkh rqh zh irxqg lq Vxevxevhfwlrq
616151 Dovr khuh lw krogv wkdw rqh ri wkh upv zloo vxuho| lqyhvw lq wkh qhz whfkqrorj|
57uljkw dw wkh vwduw ri wkh jdph1 Dv vrrq dv wklv kdv kdsshqhg wkh rwkhu up dgrswv wkh
fxuuhqw whfkqrorj|1 Wkh edg wklqj wkdw fdq kdsshq lv wkdw erwk upv lqyhvw lq wkh qhz
whfkqrorj| dw wkh vdph wlph/ ohdylqj wkhp zlwk d orz sd|r ue2 ' E2c2,1 Dqdorjrxv wr
Vxevxevhfwlrq 61615/ wkh suredelolw| wkdw wklv kdsshqv htxdov R￿*E2R￿/ zklfk lv lqfuhdvlqj
lq R￿1 Iurp +64, lw fdq eh rewdlqhg wkdw wklv suredelolw| dssurdfkhv rqh zkhq ue2 dssurdfkhv
u@￿/w k x vz k h qw k hu h v x o w l q js d | r l vw k hv d p hd vw k hr q hd v v r f l d w h gz l w kd g r s w l q jw k h
fxuuhqw whfkqrorj|1 Vlqfh R￿ lv frqvwdqw ryhu wlph/ wkh suredelolw| ri pdnlqj wklv plvwdnh
grhv qrw fkdqjh dv wlph sdvvhv1 Vxevwlwxwlrq ri +5;, dqg +64, lqwr +58, jlyhv
T ' u@￿ +65,
Khqfh/ wkh ydoxh ri wkh up uhvxowlqj iurp wkh rswlpdo pl{hg vwudwhj| ghvfulehg e| +64,
htxdov wkh sd|r dvvrfldwhg zlwk wkh Odjjdug vwudwhj|1
Jdph zlwk vwduwlqj srlqw rq wkh lqwhuydo d|￿u@cuecA Iljxuh 5 ohduqv wkdw wkh rswlpdo vwudwh0
jlhv duh Ohdsiurj dqg Odjjdug/ l1h1 qr lqyhvwphqw wdnhv sodfh dw wklv lqwhuydo1 Wkh upv zdlw
xqwlo wkh duulydo ri wkh qhz whfkqrorj| diwhu zklfk wkh jdph dv ghvfulehg iru wkh lqwhuydo
dAc4 zloo eh sod|hg1 Wkhuhiruh/ wkh ydoxh ri wkh up lv vwloo htxdo wr wkh Odjjdug sd|r/
dqg iurp Iljxuh 5 lw fdq eh frqfoxghg wkdw wklv ydoxh lqfuhdvhv zkhq A frphv qhduhu1
Jdph zlwk vwduwlqj srlqw rq wkh lqwhuydo d|￿uec￿c| ￿u@cue Lw wxuqv rxw wr eh frqyhqlhqw wr
glylgh wklv lqwhuydo lqwr wzr= d|￿uec￿c| ￿ dqg d|￿c| ￿u@cue:1 Ohw xv uvw frqvlghu d|￿uec￿c| ￿1
:Khuh w4 lv gh￿qhg vxfk wkdw dw wklv wlph wkh Ex| dqg Krog dqg Ohdsiurj sd|r￿ duh htxdo1 Qrwh wkdw
w4 5 ^wEOh>E>w EOd>Oh, rqo| lq fdvh +56, krogv1 Li +56, grhv qrw krog/ wkhq gxulqj wkh zkroh lqwhuydo
^wEOh>E>w EOd>Oh, wkh Ex| dqg Krog sd|r￿ idoov ehorz wkh Ohdsiurj sd|r￿1
58Vroylqj wklv fdvh ohdgv wr dqdorjrxv uhvxowv dv lq Vxevxevhfwlrq 616151 Lq wkh v|pphwulf
htxloleulxp erwk upv lqyhvw zlwk suredelolw| R lq wkh fxuuhqw whfkqrorj| lq rughu wr dsso|





￿ htxdov wkh Ex| dqg Krog sd|r zkhq wkh rwkhu up dssolhv Ohdsiurj/ dqg 2 lv wkh
sd|r li erwk sod|huv shuirup Ex| dqg Krog1 Htxdwlrq +4:, dovr krogv khuh vr wkdw uljkw
dw wkh vwduw ri wkh jdph rqh ri wkh upv zloo lqyhvw lq wkh fxuuhqw whfkqrorj|1 Wkh rwkhu
up uhiudlqv iurp lqyhvwphqw xqwlo wlph A dw zklfk lw zloo dgrsw wkh qhz whfkqrorj|1 Wkh
suredelolw| wkdw erwk upv lqyhvw lq wkh fxuuhqw whfkqrorj| h{dfwo| dw wkh vdph wlph djdlq
htxdov R*E2  R1L w l v x q f o h d u k r z R ghyhorsv ryhu wlph/ vlqfh wzr frqwudu| hhfwv duh
zrunlqj khuh= +4, wkh glhuhqfh lq sd|rv ehwzhhq ohdglqj dqg iroorzlqj ghfuhdvhv ryhu wlph
zklfk kdv d qhjdwlyh hhfw rq R/ dqg +5, wkh glhuhqfh lq sd|rv ehwzhhq ohdglqj dqg mrlqw
dgrswlrq ghfuhdvhv dv wlph sdvvhv zklfk kdv d srvlwlyh hhfw rq R1 Ilqdoo|/ zh dqdo|}h jdphv
zlwk wkhlu vwduwlqj srlqw vrphzkhuh rq wkh lqwhuydo d|￿c| ￿u@cue1 Frpsduhg wr wkh suhylrxv
fdvh/ khuh wkh qhz whfkqrorj| zloo ehfrph dydlodeoh vrrqhu/ zklfk lpsolhv wkdw wkh Ohdsiurj
vwudwhj| lv pruh surwdeoh wkdq Ex| dqg Krog1 Wkhuhiruh/ wkh sd|r ri wkh uvw lqyhvwru lv
orzhu wkdq wkh sd|r ri wkh iroorzhu/ vr wkdw d vhfrqg pryhu dgydqwdjh dulvhv1 Khqfh/ hdfk
up suhihuv wr eh wkh iroorzhu/ exw li lw kdv wr eh wkh uvw lqyhvwru/ lw suhihuv wr lqyhvw hduolhu
udwkhu wkdq odwhu/ ehfdxvh wkh Ex| dqg Krog sd|r idoov ryhu wlph1 Jdphv zlwk wklv nlqg ri
sd|r vwuxfwxuh duh frpprqo| fdoohg zdu ri dwwulwlrq +vhh Khqgulfnv hw do1 +4<;;,,1 D srvvleoh
vwudwhj| zrxog eh wr uhiudlq iurp lqyhvwphqw gxulqj wklv lqwhuydo/ zdlwlqj iru wkh rwkhu up
59wr lqyhvw1 Vlqfh zlwk lghqwlfdo upv wkhuh lv qr uhdvrq wr eholhyh zk| wkh rwkhu up zrxog
dfw glhuhqwo|/ qrwklqj kdsshqv rq wklv lqwhuydo1 Dovr qr lqyhvwphqw wdnhv sodfh gxulqj wkh
lqwhuydo d|￿u@cuecA/ lpso|lqj wkdw erwk upv hqg xs zlwk sod|lqj wkh jdph rq wkh lqwhuydo
dAc4/ zklfk lv ghvfulehg deryh1 Wkh h{shfwhg ydoxh ri wkh up rewdlqhg iurp sod|lqj
wklv jdph htxdov wkh Odjjdug sd|r/ dqg lq Iljxuh 5 zh vhh wkdw wklv sd|r olhv ehorz Ex|
dqg Krog dqg Ohdsiurj1 Lq Khqgulfnv hw do1 +4<;;, wkh vxejdph shuihfw htxloleulxp lv jlyhq
iru wkh zdu ri dwwulwlrq zlwk lghqwlfdo upv/ dv lw rffxuv khuh1 Ghqh CE| dv d suredelolw|
glvwulexwlrq rq d|fc| ￿u@cue/z k h u h| f| ￿lv wkh vwduwlqj srlqw ri wkh jdph1 Lq idfw/ C E|
htxdov wkh suredelolw| wkdw wkh up kdv lqyhvwhg lq wkh fxuuhqw whfkqrorj| dw ru ehiruh |1












dqg shuiruphg e| erwk upv/ lv d vxejdph shuihfw htxloleulxp1 Khqgulfnv hw do1 +4<;;,
vkrz wkdw dq| pdvv srlqw fdq eh uxohg rxw lpso|lqj wkdw wkh suredelolw| wkdw d up pryhv
h{dfwo| dw d sduwlfxodu srlqw ri wlph htxdov }hur;1 Frqvhtxhqwo|/ wkh suredelolw| wkdw wkh
w z r u p vp r y hh { d f w o |d ww k hv d p hw l p hl vd o v r} h u r /z k l f kh { s o d l q vz k | 2+wkxv wkh sd|r
lq fdvh erwk upv sod| Ex| dqg Krog, grhv qrw dhfw wkh pl{hg lqyhvwphqw vwudwhj| lq
+67,1 Iurp +67, lw lv hdvlo| rewdlqhg wkdw CE|
3
￿u@cue 	 1 Qrwh wkdw/ li wklv zhuh qrw wkh
fdvh/ wkh v|pphwulf lqyhvwphqw vwudwhj| lv qrw d Qdvk htxloleulxp1 Wkh uhdvrq lv wkdw zkhq
CE|
3
￿u@cue' / wkhq rqh ri wkh upv frxog gr ehwwhu e| uhiudlqlqj iurp lqyhvwphqw gxulqj
; Wkh lpsolfdwlrq lv wkdw/ lq wkh qrwdwlrq ri suhylrxvo| ghvfulehg jdphv/ h1j1 olnh wkh rqh vwduwlqj dw wkh
lqwhuydo ^wEOh>E>w 4,/s+w,htxdov }hur iru doo uhohydqw w1
5:wkh lqwhuydo d|fc| ￿u@cue/ vlqfh wklv up nqrzv iru vxuh wkdw lwv frpshwlwru zloo kdyh lqyhvwhg
dw vrph wlph ehiruh |￿u@cue1 Vxevwlwxwlrq ri wkh uhohydqw irupxodv iru wkh sd|rv/ jlyhq lq
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Wkh up*v zloolqjqhvv wr lqyhvw lqfuhdvhv zlwk wkh uhodwlyh shuirupdqfh ri Ex| dqg Krog
frpsduhg wr Ohdsiurj1 Lq wklv oljkw wkh iroorzlqj fhwhulv sdulexv uhvxowv/ wkdw duh ghulyhg
iurp +68,/ duh hdv| wr xqghuvwdqg= C jrhv xs zlwk o/ A/ Ecf/ ,/ dqg jrhv grzq zlwk e/
E2c dqg |f1
71 Frqfoxvlrqv
Wklv sdshu wuhdwv wkh whfkqrorj| dgrswlrq ghflvlrq ri wkh up lq d gxrsro| iudphzrun1
Rqh ri wkh pdlq gl!fxowlhv frqfhuqlqj wkh whfkqrorj| lqyhvwphqw ghflvlrq lq sudfwlfh lv wkdw
lq wkh ixwxuh ehwwhu whfkqrorjlhv wkdq qrz dydlodeoh zloo eh lqyhqwhg1 Wkh prgho lq wklv sdshu
wulhv wr fdswxuh wklv lpsruwdqw dvshfw e| frqvlghulqj wzr whfkqrorjlhv= rqh zklfk lv dydlodeoh
qrz/ dqg wkh rwkhu rqh zklfk lv pruh h!flhqw dqg ehfrphv dydlodeoh dw d nqrzq srlqw ri
wlph lq wkh ixwxuh1 E| grlqj vr/ zrun ri Uhlqjdqxp +4<;4,/ Ixghqehuj dqg Wluroh +4<;8,/
Khqgulfnv +4<<5,/ dqg Vwhqedfnd dqg Wrpedn +4<<7,/ zkr frqvlghu rqo| rqh whfkqrorj|/
lv h{whqghg1 Pruhryhu/ ohduqlqj lv lqfrusrudwhg lq wkh zd| wkdw dgrswlrq ri wkh fxuuhqw
whfkqrorj| pdnhv lw ohvv frvwo| wr dgrsw dqg lpsohphqw wkh qhz whfkqrorj|1 Zh irfxvvhg rq
wkh vfhqdulr zkhuh iru hyhu| whfkqrorj| lqyhvwphqw lw krogv wkdw wkh glvfrxqwhg ixwxuh surw
vwuhdp h{fhhgv wkh lpphgldwh h{shqglwxuh1 Lq fdvh wkh duulydo gdwh ri wkh qhz whfkqrorj|
5;olhv idu lq wkh ixwxuh/ wkh ixwxuh suhvhqfh ri d qhz whfkqrorj| grhv qrw suhyhqw wkdw lqyhvwlqj
lq wkh fxuuhqw whfkqrorj| lv vwloo rswlpdo1 Zkhq wklv gdwh frphv qhduhu lw lv qrw rswlpdo
dq|pruh iru erwk upv wr lqyhvw lq wkh fxuuhqw whfkqrorj| uljkw dzd|1 Khqfh/ rqh ri wkh upv
kdv wr uhiudlq iurp lqyhvwphqw/ zklfk lpsolhv wkdw e| lqyhvwlqj lq wkh fxuuhqw whfkqrorj|
wkh rwkhu up rewdlqv prqrsro| surwv xqwlo wkh duulydo gdwh ri wkh qhz whfkqrorj|1 Wr
fdswxuh wkhvh prqrsro| surwv d up pxvw wu| wr lqyhvw hduolhu wkdq lwv frpshwlwru1 Lq wklv
zd| wkh suhhpswlrq htxloleuld dulvh wkdw zh douhdg| nqrz iurp/ h1j1/ Ixghqehuj dqg Wluroh
+4<;8,/ exw khuh qr uhqw htxdol}dwlrq rffxuv dv zdv wkh fdvh lq wkdw sdshu1 D frqvhtxhqfh
ri wkh devhqfh ri uhqw htxdol}dwlrq lv wkdw d srvlwlyh suredelolw| dulvhv wkdw erwk upv lqyhvw
dw wkh vdph wlph/ ohdylqj wkhp zlwk d yhu| orz sd|r +lq Ixghqehuj dqg Wluroh +4<;8, wkh
suredelolw| ri rffxuuhqfh ri wklv plvwdnh zdv }hur gxh wr uhqw htxdol}dwlrq,1 Dqrwkhu qhz
hohphqw lq rxu sdshu lv wkh rffxuuhqfh ri vhfrqg pryhu dgydqwdjhv lq whfkqrorj| dgrswlrq
sureohpv1 Wklv kdsshqv lq vfhqdulrv zkhuh whfkqrorj| xsjudglqj lv qrw rswlpdo vr wkdw
upv kdyh wr pdnh d fkrlfh ehwzhhq lqyhvwlqj lq wkh fxuuhqw whfkqrorj| uljkw dzd| dqg
nhhs rq surgxflqj zlwk lw/ ru zdlwlqj zlwk lqyhvwphqw xqwlo wkh qhz whfkqrorj| duulyhv1 Wkh
dgydqwdjh ri wkh lpphgldwh lqyhvwru lv wkdw prqrsro| surwv duh jdlqhg xqwlo wkh duulydo ri
wkh qhz whfkqrorj|/ zkloh wkh lqyhvwru lq wkh qhz whfkqrorj| kdv wkh dgydqwdjh ri surgxflqj
zlwk d ehwwhu whfkqrorj| rqfh lw lv dydlodeoh1 D vhfrqg pryhu dgydqwdjh dulvhv zkhq wkh
dgydqwdjh ri surgxflqj zlwk wkh qhz whfkqrorj| lq wkh ixwxuh ohdgv wr d kljkhu sd|r wkdq
wkh fxuuhqw whpsrudu| prqrsro| surwv1 Dq lpphgldwh h{whqvlrq ri wkh prgho lq wklv
sdshu lv wr dgg xqfhuwdlqw|1 D glvwlqfwlrq fdq eh pdgh ehwzhhq xqfhuwdlqw| frqfhuqlqj wkh
duulydo gdwh ri qhz whfkqrorjlhv ru xqfhuwdlqw| frqfhuqlqj wkh h!flhqf| ri qhz whfkqrorjlhv1
5<Iru lqvwdqfh/ lq fdvh ri plfurfklsv wkh whfkqlfdo sdudphwhuv dqg vshflfdwlrqv ri ixwxuh
ghvljqv duh nqrzq ehiruhkdqg/ exw wkh duulydo gdwh lv xqfhuwdlq vlqfh wkh dsshdudqfh ri
wkh whfkqrorj| ghshqgv rq uhvhdufk dqg ghyhorsphqw dqg wkh pdunhw idfwruv dhfwlqj wkh
lqwurgxfwlrq ri wkh surgxfw +Qdlu +4<<8,,1 Dqrwkhu lqwhuhvwlqj wrslf ri ixwxuh uhvhdufk lv wr
lqfrusrudwh dv|pphwulf lqirupdwlrq lq wkh vhqvh wkdw d up grhv qrw nqrz krz surwdeoh d
sduwlfxodu lqqrydwlrq lv iru lwv rssrqhqw1 Krzhyhu/ dv wlph sdvvhv wkh up ohduqv derxw wkh
rwkhu up*v surw ixqfwlrq iurp wkh revhuyhg lqyhvwphqw ehkdylru ri wkh rwkhu up1 Edvhg
rq wklv revhuydwlrq lw zloo xsgdwh lwv frqmhfwxuh derxw wkh rwkhu up*v surw ixqfwlrq1
Uhihuhqfhv
Gxwwd/ S1 N1/ V1 Odfk dqg D1 Uxvwlfklql +4<<8,1 Ehwwhu odwh wkdq hduo|= Yhuwlfdo glhuhqwldwlrq
lq wkh dgrswlrq ri d qhz whfkqrorj|1 Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vwudwhj|/ 7/
8968;<1
Ixghqehuj/ G1 dqg M1 Wluroh +4<;8,1 Suhhpswlrq dqg uhqw htxdol}dwlrq lq wkh dgrswlrq ri
qhz whfkqrorj|1 Uhylhz ri Hfrqrplf Vwxglhv/ 85/ 6;67341
Juhqdglhu/ V1 U1 +4<<9,1 Wkh vwudwhjlf h{huflvh ri rswlrqv= Ghyhorsphqw fdvfdghv dqg ryhu0
exloglqj lq uhdo hvwdwh pdunhwv1 Mrxuqdo ri Ilqdqfh/ 84/ 498649:<1
Juhqdglhu/ V1 U1 dqg D1 P1 Zhlvv +4<<:,1 Lqyhvwphqw lq whfkqrorjlfdo lqqrydwlrqv= Dq rswlrq
sulflqj dssurdfk1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 77/ 6<:7491
Khqgulfnv/ N1 +4<<5,1 Uhsxwdwlrqv lq wkh dgrswlrq ri d qhz whfkqrorj|1 Lqwhuqdwlrqdo Mrxuqdo
ri Lqgxvwuldo Rujdql}dwlrq/ 43/ 9969::1
Khqgulfnv/ N1/ D1 Zhlvv dqg F1 Zlovrq +4<;;,1 Wkh zdu ri dwwulwlrq lq frqwlqxrxv wlph zlwk
63frpsohwh lqirupdwlrq1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 5</ 9969;31
Qdlu/ V1 N1 +4<<8,1 Prgholqj vwudwhjlf lqyhvwphqw ghflvlrqv xqghu vhtxhqwldo whfkqrorjlfdo
fkdqjh1 Pdqdjhphqw Vflhqfh/ 74/ 5;55<:1
Uhlqjdqxp/ M1 I1 +4<;4,1 Rq wkh glxvlrq ri qhz whfkqrorj|= D jdph wkhruhwlf dssurdfk1
Uhylhz ri Hfrqrplf Vwxglhv/ 7;/ 6<87381
Vlprq/ O1 N1 +4<;:,1 D pxowlvwdjh gxho lq frqwlqxrxv wlph1 Zrunlqj Sdshu ;:8:/ Ghsduwphqw
ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliruqld Ehunhoh|/ Ehunhoh|/ Fdoliruqld1
Vwhqedfnd/ U1 dqg P1 P1 Wrpedn +4<<7,1 Vwudwhjlf wlplqj ri dgrswlrq ri qhz whfkqrorjlhv
xqghu xqfhuwdlqw|1 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 45/ 6;:7441
\ruxnrjox/ P1 +4<<;,1 Wkh lqirupdwlrq whfkqrorj| surgxfwlylw| sdudgr{1 Uhylhz ri Hfr0
qrplf G|qdplfv/ 4/ 8848<51
64